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Abstract

Internal rotors may usefully complement more conven-
tional means of underwater vehicle actuation by ex-
tending the operating regime and improving reliability.
In this paper we describe stabilizing control laws for
an underwater vehicle using internal rotors. Our stabi-
lizing control laws consist of two terms: the first term
addresses the conservative part of the system by shap-
ing energy to yield Lyapunov stability, while the second
term adds dissipation to ensure asymptotic stability to
the motion of interest.

1 Introduction

Underwater vehicles are typically equipped with pro-
pellers and fins for motion control. However, the
growing demand for autonomous underwater vehicles
(AUVs) and the expanding range of conditions under
which they must perform creates interest in exploring
complementary and/or alternative means of actuation.

We consider here the use of internal rotors as a promis-
ing complement. For example, a long, slender vehicle
moving along its long axis is typically stabilized using
fins. At low velocities, however, fins lose their con-
trol authority and can no longer stabilize the vehicle.
Internal rotors, which provide control by momentum
exchange, could be used for stabilization in the low ve-
locity regime, thereby extending the vehicle’s range of
operating conditions. Internal rotors are also protected
from the corrosive seawater environment and they do
not create drag.

We use a two-step approach to design a control law
that stabilizes the dynamics of an underwater vehicle
using internal rotors. In the first step, we treat the
vehicle dynamics as a Hamiltonian system, and we de-
sign a control law that stabilizes a desired steady mo-
tion while preserving the Hamiltonian structure. The
control shapes the kinetic energy (Hamiltonian) of the
closed-loop system; see [1, 2, 3] for further background.
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In the second step, we add dissipative feedback to
ensure asymptotic stability to the motion of interest.
Making use of the global phase space structure studied
in [4], we pick control gains that yield a large region of
attraction. In future work we will also consider dissi-
pation associated with viscous effects of the fluid.

In Section 2 we describe the dynamics of an underwater
vehicle, and in Section 3 we revise our model to include
internal rotors. In Section 4 a feedback law is chosen
which stabilizes long axis translation. The equilibrium
is made asymptotically stable using an additional feed-
back term derived in Section 5. We conclude in Sec-
tion 6.

2 Underwater Vehicle Dynamics

We consider a vehicle model based on Kirchhoff’s equa-
tions which describe a six degree-of-freedom, neutrally
buoyant rigid body in an infinite volume of irrotational,
incompressible, inviscid fluid that is at rest at infinity
[7]. Forces such as viscous effects and external control
inputs can be added to this basic model as desired. For
ease of presentation, we assume the vehicle is an ellip-
soid with uniformly distributed mass.

Let Ω and v be the vehicle angular and linear velocity
vectors in body coordinates, where the ellipsoid princi-
pal axes serve as the body coordinate axes. Then, the
angular momentum Π and linear momentum P vectors
are given by

Π = IΩ, P = Mv.

The diagonal matrix I is the sum of the body inertia
and the added inertia from the potential flow model of
the fluid. Similarly, the diagonal matrix M is the sum
of the mass of the body m multiplied by the identity
matrix and the added mass matrix.

In the absence of external forces and torques, the dy-
namic equations of motion (Kirchhoff’s equations) are

Π̇ = Π× Ω + P × v (2.1)

Ṗ = P × Ω.

Equations (2.1) describe Lie-Poisson (non-canonical



Hamiltonian) dynamics [10]; they are equivalent to
ν̇ = {ν, H}, where ν is a component of Π or P and
the Poisson bracket is defined as

{G,K}(Π, P ) = ∇G ·
(

Π̂ P̂
P̂ 0

)

∇K

for differentiable functions G and K. The Hamiltonian
H is the total kinetic energy of the body-fluid system

H(Π, P ) =
1
2
Π · I−1Π +

1
2
P ·M−1P. (2.2)

The two Casimir functions C1 = Π ·P and C2 = 1
2‖P‖

2

commute under the Poisson bracket and are thus con-
served along the equations of motion.

Let Li be the length of the ith principal axis of the
ellipsoid. We will assume that L1 > L2 > L3. Let
the diagonal elements of M and I be (m1, m2, m3) and
(I1, I2, I3), respectively. For the given ordering of axis
lengths, it is always true that m3 > m2 > m1. How-
ever, the inertia elements may be ordered I3 > I2 > I1
or I2 > I3 > I1 or I2 > I1 > I3, depending on the
relative lengths of the semiaxes [8, 4].

The model (2.1) has several families of (relative) equi-
libria [4]. There are three two-parameter families of
equilibria corresponding to steady translation along
and rotation about a vehicle principal axis. We refer to
these as pure-mode equilibria. It was shown in [4] that
there may also exist non-principal axis steady motions
referred to as mixed-mode equilibria. The existence of
these equilibria depends on the inertia ordering as well
as the ratio C1/C2.

Stability of the equilibria of (2.1) can be studied using
the energy-Casimir method, applicable to Lie-Poisson
systems. The method consists of defining a (Lyapunov)
function HΦ,φ = H + Φ(Ci) + φj(cj), where H is the
Hamiltonian, Ci are Casimirs, cj are other constants of
motion. Showing that smooth functions Φ(·) and φj(·)
can be found so that the equilibrium is a maximum or
minimum of HΦ,φ proves nonlinear stability [9].

Since the 1 axis is the long axis, the pure 1 mode equi-
librium is a practical (streamlined) vehicle motion. Ap-
plying the energy-Casimir method to this equilibrium
fails to provide conditions for stability. In fact, it is well
known that translation of an ellipsoid along its long axis
through a fluid is unstable [7].

3 Dynamics of a Vehicle with Internal Rotors

We model an ellipsoidal vehicle with three internal ro-
tors. The model is analogous to the models of space-
craft with internal rotors presented in [6] and [1]. We
assume that each of the three rotors is symmetric and
spins about its axis of symmetry under the influence

Figure 3.1: Vehicle with three internal rotors, each com-
prised of two rigidly coupled disks.

of a control torque. The rotors are mounted orthogo-
nally within the vehicle so that each rotor’s spin axis is
collinear with a vehicle principal axis and so that the
CG of the vehicle is still at the CB; see Figure 3.1.

Let the diagonal matrix with diagonal elements
(J i

1, J
i
2, J

i
3) denote the inertia of the rotor which spins

about the ith vehicle axis (i = 1, 2, or 3). Assume that
this rotor spins at a rate α̇i relative to the vehicle as
depicted in Figure 3.1. Define

λj = Ij + J1
j + J2

j + J3
j , j = 1, 2, 3.

Then the locked inertia matrix is Λ = diag(λ1, λ2, λ3).
It is also convenient to define the matrix of rotor spin
axis inertias Jr = diag(J1

1 , J2
2 , J3

3 ) and the matrix Ī =
diag(Ī1, Ī2, Ī3) = Λ− Jr.

Define Ωr = (α̇1, α̇2, α̇3)T . Then

Π = ΛΩ + JrΩr, P = Mv, l = Jr(Ω + Ωr).

Π is the total (body plus rotors plus fluid) angu-
lar momentum, P is the total linear momentum, and
l = (l1, l2, l3)T where li is the total momentum of the
ith rotor about its spin axis. The equations of motion
are

Π̇ = Π× Ω + P × v
Ṗ = P × Ω (3.1)

l̇ = u.

The control is u = (u1, u2, u3)T where ui is the torque
applied to the ith internal rotor about its spin axis. The
quantities Π ·P and 1

2‖P‖
2 are conserved for any choice

of u; internal rotors cannot affect the inertial angular
or linear momentum of the system.

4 Hamiltonian Stabilization

In this section, we apply feedback which stabilizes a
closed-loop relative equilibrium corresponding to pure
translation along the vehicle long axis. We choose a
control law such that the closed-loop system remains
Hamiltonian. The closed-loop Hamiltonian is a control-
dependent modification of the open-loop Hamiltonian.



The energy-Casimir method then provides a control-
dependent Lyapunov function which can be used to find
conditions on the control to ensure closed-loop stability.

We choose a control of the form

u = KΠ̇ = K
(

(ΛΩ + JrΩr)× Ω + Mv × v
)

(4.1)

where K is a matrix of control gains. For simplicity, we
choose K = diag(k1, k2, k3). The control law defined
here is inspired by the satellite stabilization problem in
[1] and can be determined by applying the algorithmic
method of controlled Lagrangians described in [2, 3].

Define the change of variables

ζ = (I −K)−1(l −KΠ) (4.2)

where I is the 3 x 3 identity matrix and ki 6= 1 for
i = 1, 2, and 3. Then, Π− ζ = ZΩ where

Z = (I −K)−1Ī . (4.3)

The closed-loop equations of motion are

Π̇ = Π× Ω + P × v
Ṗ = P × Ω (4.4)

ζ̇ = 0.

As intended, the equations (4.4) describe Lie-Poisson
dynamics:





Π̇
Ṗ
ζ̇



 =





Π̂ P̂ 0
P̂ 0 0
0 0 0



∇HC (4.5)

where the new Hamiltonian HC depends on the control
gains and is a modification of the Hamiltonian (2.2) for
the uncontrolled system:

HC(Π, P, ζ) =
1
2
(Π−ζ)·Z−1(Π−ζ)+

1
2
P ·M−1P. (4.6)

Z is a diagonal matrix whose diagonal elements Z1, Z2,
and Z3 depend on the control gains by (4.3). There are
five independent Casimirs for this system; C1 = Π · P ,
C2 = 1

2‖P‖
2 and each component of ζ are conserved.

Pure-mode equilibria of the uncontrolled system are
also equilibria of the closed-loop system with ζe ‖ Πe ‖
Pe. We focus on the two-parameter family of pure 1
mode equilibria

Πe = ζe = Π0
1 e1, Pe = P 0

1 e1 (4.7)

with e1 the unit vector along the body’s 1 axis. The
equilibrium (4.7) corresponds to vehicle translation
along the long axis with the 1 axis rotor spinning at
a constant rate and the body not spinning (Ωe = 0).

Theorem 4.1 Consider the vehicle with three inter-
nal rotors described by (3.1) and the control u given
by (4.1). Choose ki > 1 so that Zi < 0 for i = 1, 2, and
3. Then the equilibrium (4.7) is Lyapunov stable.

Proof: The theorem follows by applying the energy-
Casimir method to the conserved quantity

HΦ = HC(Π, P, ζ) + Φ(C1, C2, ζ1, ζ2, ζ3). (4.8)

The method provides Φ and Lyapunov function

HΦ = HC(Π, P, ζ)− 1
m1

C2 + 1
2a1(C1 −Π0

1P
0
1 )2

+a2(C1 −Π0
1P

0
1 ) · (C2 − 1

2 (P 0
1 )2)

+ 1
2a3(C2 − 1

2 (P 0
1 )2)2 + 1

2a4ζ2
2 + 1

2a5ζ2
3 (4.9)

with scalar constants

a1 = −1
2

1
Z1(P 0

1 )2
, a2 = −a1

(

Π0
1

P 0
1

)

,

a3 = −3a1
1 +

(

Π0
1

)2

(P 0
1 )2

, a4 < 0, a5 < 0.

With Zi < 0 for i = 1, 2, and 3, the equilibrium (4.7)
is a maximum of HΦ, and stability follows by the
energy-Casimir method.

Remark 4.2 The pure 2 and pure 3 mode equilibria
are unstable (saddle points) for this choice of Z. How-
ever, F1 = {(Π, P, ζ) | Π2 = Π3 = P1 = ζ2 = ζ3 = 0}
is invariant, and on F1 the pure 2 mode is stable. This
observation plays a role in Section 5 where we add feed-
back dissipation to achieve asymptotic stability and we
seek a large region of attraction.

5 Feedback-controlled Dissipation

In this section, we introduce feedback-controlled dissi-
pation in order to asymptotically stabilize the equilib-
rium. We begin by replacing u in the original equations
of motion (3.1) with u = us+ud where us given by (4.1)
provides Lyapunov stability as in Section 4 and ud will
be chosen to add dissipation. Under the change of vari-
ables (4.2), the equations of motion become

Π̇ = Π× Ω + P × v
Ṗ = P × Ω (5.1)

ζ̇ = (I −K)−1ud

where, as in Section 4, Ω = Z−1(Π− ζ).

With ud = 0, the equations (5.1) are equivalent to the
conservative equations (4.4). We choose HΦ defined by
(4.9) as a natural Lyapunov function candidate for the
dissipative equations (5.1). Since the equilibrium (4.7)
is a local maximum of HΦ, proving asymptotic stability
of the dissipative equations involves finding a control ud
for which ḢΦ ≥ 0. We find that

ḢΦ =



−Z−1(Π− ζ) +





0
a4ζ2
a5ζ3







 · (I −K)−1ud

(5.2)



where a4 and a5 are arbitrary negative constants as
defined in the proof of Theorem 4.1. Taking

ud = (I −K)Kd



−Z−1(Π− ζ) +





0
a4ζ2
a5ζ3







 ,

(5.3)
with Kd a positive definite 3×3 dissipative control gain
matrix, makes ḢΦ ≥ 0.

Let ω be a compact subset of D = {(Π, P, ζ) | Π · P =
C1 , 1

2‖P‖
2 = C2} that is positively invariant under

the dynamics (5.1). By LaSalle’s theorem (see [5], for
example), solutions starting in ω go to the largest in-
variant set M in E = {(Π, P, ζ) ∈ ω | ḢΦ = 0}. It can
be shown that M consists only of closed-loop equilibria
regardless of the choice of ω.

Equations (5.1) with (5.3) admit all three pure mode
equilibria. There are also mixed 2-3 mode equilibria [4]
if

(

1
m2

− 1
m3

)

(Z2 + 1
a4

)− (Z3 + 1
a5

)
> 0.

The terms Z2, Z3, a4, and a5 are all control parameters
which must be negative. Choosing these parameters
such that

Z2 +
1
a4

< Z3 +
1
a5

ensures that only pure-mode equilibria are possible.

Remark 5.1 If Ω 6= 0, then the pure 2 mode equilibria
are a two-parameter family of the form

Πe = (1 + a4Z2)ζe = Π0
2 e2, Pe = P 0

2 e2.

If Ω = 0, we have Πe = ζe = Π0
1 e1 and Pe = P 0

2 e2.
The pure 3 mode equilibria are defined analogously.

To conclude asymptotic stability of the pure 1 mode
equilibrium, we must choose ω such that the other pure
mode equilibria do not live inM. For pure 1 axis trans-
lation, HΦ = 0, its maximum value. Evaluated at a
pure 2 or 3 mode equilibrium, HΦ ≤ −( 1

m1
− 1

m2
)C2 <

0. Define a constant c = −(1 − ε)( 1
m1

− 1
m2

)C2 where
0 < ε � 1 and let

ω = {(Π, P, ζ) ∈ D | HΦ ≥ c}. (5.4)

Then the equilibria (4.7) with P 0
1 = ±

√
2C2 and Π0

1 =
C1/P 0

1 are the only (two) equilibria in ω. The set ω
is compact because HΦ is radially unbounded. The
set is positively invariant because HΦ is nondecreasing.
Referring to the definition (4.9) of HΦ, we note that by
choosing smaller magnitudes of Zi (i = 1, 2, and 3), a4,
and a5, we may increase the region ω.

We note that ω excludes states for which P1 = 0.

Lemma 5.2 {(Π, P, ζ) ∈ D | P1 = 0} ∩ ω = ∅.

Proof: ¿From (4.9), one can calculate that if P1 = 0
then HΦ ≤ −( 1

m1
− 1

m2
)C2. This implies that ω given

by (5.4) excludes states for which P1 = 0.

Theorem 5.3 Any solution to the equations (5.1)
which starts in ω at time t = 0 with ud given by (5.3)
and with P1(0) > 0 goes to

Πe = ζe =
C1√
2C2

e1, Pe =
√

2C2 e1

as t → ∞. If P1(0) < 0 the solution goes to
{−Πe,−Pe,−ζe} as t →∞.

Proof: The fact that the state goes to a pure 1 mode
equilibrium follows directly from Lasalle’s theorem.
Now assume that P1(0) > 0 and P1 → −

√
2C2 < 0.

By continuity of the solution, P1(t̄) = 0 at some time
t = t̄ > 0. This is a contradiction by Lemma 5.2
because the state begins in ω and ω is positively
invariant. The case of P1(0) < 0 follows similarly.

Theorem 5.3 indicates that the vehicle approaches a
pure 1 mode equilibrium. The final magnitudes of v1
and α̇1 are determined by the conservation laws.

Numerical simulations were performed for a vehicle
modeled as a neutrally buoyant ellipsoid with axis
lengths L1 = 0.4572 m, L2 = 0.3048 m, and L3 =
0.1524 m. For the density of water ρ = 1000 kg/m3,
m1 = 13.2 kg, m2 = 15.2 kg and m3 = 25.6 kg. The
vehicle body has uniformly distributed mass and each
internal rotor is modeled as a pair of rigidly coupled
thin disks each of mass mdisk = 0.25 kg and radius r =
0.0254 m spinning about a given principal axis. Each
disk is located a distance d = .0381 m along the prin-
cipal axis from the vehicle CB in either direction (see
Figure 3.1).

It is desired to stabilize the vehicle with no body angu-
lar velocity, Ωd = 0 rad/s, and a translational velocity
vd = 0.1 e1 m/s. The control gains are chosen to sat-
isfy the requirements developed in the preceding anal-
ysis. Specifically, K = diag(4.3, 8.5, 10) so that Z =
diag(−0.0176,−0.0171,−0.0169) kg-m2. Also, Kd =
diag(0.1, 0.1, 0.05), a4 = −2, and a5 = −5.

Figure 5.1 shows the velocity response to an initial per-
turbation from the desired equilibrium:

Ω(0) = (0.01, 0.01, 0.01)T rad/s,

v(0) = (0.09, 0.02, 0.02)T m/s and,

Ωr(0) = (1, 1, 1)T rad/s.

For the given initial velocities, HΦ = −0.0053 J ini-
tially. Since ω = {(Π, P, ζ) ∈ D | HΦ ≥ c} where
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Figure 5.1: Closed-loop response to a perturbation.
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Figure 5.2: Control torques and the Lyapunov function.

1
1−εc = −( 1

m1
− 1

m2
)C2 = −0.0090 J, the initial state is

in ω for ε small enough; see Figure 5.2.

Figure 5.1 shows v approaching the desired velocity.
Because P1(0) > 0, v1 →

√
2C2/m1 = 0.1 m/s. The

final magnitude of v1 is as desired only because initial
conditions were chosen such that C2 = 1

2‖Pd‖2. On the
other hand, C1 6= Πd · Pd. Accordingly, all components
of the body and rotor angular velocity approach zero
except for α̇1 which takes the appropriate magnitude
to maintain C1 at its initial value.

6 Conclusions

We have shown how to asymptotically stabilize steady,
long-axis translational motion of an underwater vehicle
using internal rotors. The control law consists of a ki-
netic energy shaping term plus a dissipative feedback
term. Some investigation of global phase space struc-
ture led to conditions on control gains to ensure a rea-
sonably sized region of attraction for the steady motion
of interest. For example, control gains were selected to
prevent the existence of mixed-mode equilibria which

in the uncontrolled system are known to lead to vehicle
turning motions [4]. Further work on using the control
law to manipulate the global phase space structures to
advantage is ongoing.

Although physical dissipation was not considered in
this paper, one might reasonably expect that damp-
ing would be destabilizing because the equilibrium is
a relative maximum of the Hamiltonian. Preliminary
analysis verifies this intuition but also indicates that
suitable choices of the control parameters can compen-
sate for physical damping. The problem of physical
dissipation is a focus of our continuing work.
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