Energy Shaping for Vehicles with Point Mass Actuators
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Abstract— This paper describes the application of the method example of a spinning disk with a MMA. Section V presents
of controlled Lagrangians to vehicles with moving point mass g slightly more complicated example, a streamlined under-
actuators. This class of systems includes certain spacecraft, water vehicle in planar motion. As the example illustrates,

atmospheric re-entry vehicles, and underwater vehicles. Two h derivi feedback trol | hich sh th
examples are presented. The first example is a spinning disk, OWEVEL, Gerving a Teedback control iaw which Shapes e

a simplified, planar version of a spacecraft spin stabilization C|OSQQ'|OOP energyldoes npt necessarily ensure cgmputable
problem. The second example is an underwater vehicle moving conditions for stability. In this example, the control-nifaet

in the horizontal plane. energy fails to provide satisfiable conditions for stailit
This does not mean that the control law fails to stabilize the
. INTRODUCTION system; spectral analysis provides simple conditionsdcall

Moving mass actuators (MMAS) occupy a small but im-stability. It does mean, however, that the analysis fallsrtsh
portant niche among vehicle actuators. Because they can ®ethe original objective. Constructing Lyapunov functos
housed inside a vehicle’s chassis, MMAs are protected frof fundamental challenge which energy shaping methods can
the surrounding environment. And because their effectivé2nly begin to address.
ness relie§ on gction/reaction or on gravity rathgr thap on Il. VEHICLE DYNAMIC MODEL
relative fluid motion, these actuators can be used in environ

ments or operating conditions where conventional actaator ::|gure fl.ddeﬁ'?lts.dat;'gt'q botdy, |:nrrt1e.rsf.eqt n ?n |nf|r.1t|;]e
may be ineffective. Internal MMAs are used to control/0'UMe of 1deal Tiul at 1s at rest at infinity, along wi
point masses. In general, the body may apply control

maneuverable atmospheric re-entry vehicles, for exampl?, o th it h ing the el ;
because they are protected from the high temperatures a €s o these point masses, thus coupling the elements

forces that arise in hypersonic flight [13], [7]. MMAs have® the system. qu now, we assume that the point Masses
gre free to move in three dimensions. In examples, we will

also been proposed for precision orbit control in spacecra . e X .
formations [15]; passive versions have long been used &ﬁ)ﬂSlder the case of one MMA which is confined to a linear

spacecraft as nutation dampers. MMAs are also useful fglaﬁ.k'l For '?hdetgllted dlscusstlorl of dynamic8 m_cr)gellng Iorl
controlling buoyancy-driven underwater gliders, a newssla vehicles with point mass actuators, see [18]. The contro

of long-endurance autonomous underwater vehicle (AUV). | bJeCt'Ve_ is to stabilize steady rota_tlons of the rigid body
this application, because they are protected from comosi y applying control forces to the point masses. The control

and biological fouling, MMAs remain reliable actuators for.des'gn problem is especially challenging because thersyste

deployments of months or even years [5], [9], [16], [17]. is underactuated.
Control design using MMAs is challenging because
multibody dynamic models are relatively high-dimensional
Lyapunov-based control design methods are appealing for
such high-dimensional systems. Moreover, these methods
can provide stability and control results that hold over a
larger domain than can be obtained using linear design and
analysis. The principal objective of this paper is to illage
the application of an energy-based control design tecleniqu
the method of controlled Lagrangians, for stabilizing diea
vehicle motions using moving mass actuators. We anticipatéﬁg- 1. Arrigid body in an ideal fluid withn internal moving masses.
that this approach may ultimately be used to develop non-
linear controllers for complex vehicle control problemsisu  Let m.;, be the mass of the rigid body and let; be
as maneuverable re-entry vehicles. the mass of thé'" point mass. We assume that the system
Section Il describes a dynamic model for a vehicle witdS heutrally buoyant; that is, we assume that= m., +
a finite number of MMAs. Section Il reviews the method_;—; ™ iS equal to the mass of fluid displaced by the rigid
of controlled Lagrangians. Section IV describes a simplBody. LetIy, Iy, and I'5 be an orthonormal triad defining
an inertial reference frame and ket, b, andbs be another
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body frame. Similarly, thé" point mass moves with velocity where r; is the location of thei*" point mass relative to
v; with respect to inertial space. (Throughout the papethe body frame origin. The term appears as a vector of
lower case boldfaced characters represent vectors egpresgeneralized velocities, although its components are nu i
in the body frame. Upper case boldfaced vectors represeterivatives of any well-defined generalized coordinatédse T
vectors expressed in the inertial frame. Exceptions will bkinetic energy for this system is

clear from context.)

If R represents the proper rotation matrix which trans- I(n,r, ) = 1 < n ) M (r) ( n ) 2)
forms free vectors from the body to the inertial frame, then 2\ r
the system kinematics are where the matrix components of the kinetic energy metric
R = R M, M, M;
X = Rv M= M; M, M,
X1 = R’Ul Mg Mg M3
are
Xn = R'U'n, Ml = Ib/f - Z mz';'z'f'z
wherea denotes the skew symmetric matrix satisfyiily = = "
a x b for vectorsa, b € R*. _ _ _ M, = My;+ (Z mi> T
Because the system is immersed in an ideal fluid, the =1
body’s motion induces motion in the surrounding fluid (and Ms; = diag(miZ,...,m,T)
vice versa). The effect is captured by thdded mass and n
added inertia, which account for the additional energy that M, = me
is necessary to accelerate the fluid around the body as it i=1
moves. If the rigid body has uniformly distributed mass and Ms = [maf1 ... M,y
three planes of symmetry, and if the body frame is chosen Ms = [mZT ... m,Tl
appropriately, then the combined body/fluid inertia andsnas
matricesI,,;; and M, ; are diagonal. (In the expressions abovd, represents thgd x 3 identity
The examples given in Sections IV and V involve planafatrix.) We note that
systems for which the effect of gravity vanishes. Although ol ol ol
it is straightforward to include forces and moments due h=5, P=g5, ad p= T3S

to gravity in the dynamic model (see [18], for example),
our model ignores gravity in the interest of brevity. Liet
and p represent the angular momentum and translational %% A O n 0

momentum, respectively, of the complete body/fluid/point{ <4 oL "ot | — < 0 0 > ( P > + < T )“ ®)
mass system about the body frame origin. Strictly speak- deor —or

ing, h and p are the impulse required to effect the bodyln (3), the matrixA is a skew-symmetric matrix whose
translational velocityv and angular velocityw (as well as components depend on the componentsd%f The matrix

the resulting motion of the fluid). As shown in [8], theZ is an identity matrix of appropriate dimensions.

time evolution of these quantities is described by a finite For the examples considered in this paper, there is only
set of ordinary differential equations which resemble th@ne moving point mass which is constrained to move along
momentum equations for a r|g|d body moving in a vacuuma linear track. It is a Simple matter to adapt the model above
Let p; represent the translational momentum of tHepoint ~ to this case. For example, suppose that the linear track is
mass. Suppose that the body applies a faigeo the;®»  parallel to the bodyb,-axis. One simply requires that; -
point mass. Then the dynamic equations can be obtained =0 and; - e3 = 0, wheree; is thei*" basis vector for

The dynamics (1) can be rewritten as

using Newton's laws as R, see [18].
h = hxw+pxw [1l. THE METHOD OF CONTROLLED LAGRANGIANS

P = pXw In this section, we review the method of controlled La-

P = pxXwtu grangians in the nc_Jtat|on of [19]. This method is a npnlmear

stabilization technique for underactuated mechanicat sys

: tems. Formally introduced in [3], the technique was refined

P, = P, Xw+u,. 1) and expanded in a series of follow-on papers. Put §|mply,
the method provides a feedback control law under which the
Let - closed-loop dynamics of a given Lagrangian system derive
w ! from a new, control-modified Lagrangian. In its most general

n= ( v ) and = : ) setting, the method involves kinetic and potential energy
T shaping and allows for generalized gyroscopic forces in the



closed-loop equations; see [4], [14], [19]. The idea of Kine as a control Lyapunov function. Having found control pa-
energy shaping has enjoyed a great deal of attention intrece@ameters such that a given equilibrium is a minimum (or a
years, in both the Lagrangian and Hamiltonian settings. Imaximum) of E., one may apply feedback dissipation to
addition to the series of papers beginning with [3], relévarmake E. < 0 (or E, > 0). One may then assess asymptotic
papers in the Lagrangian setting include [1] and [6] andtability using LaSalle’s principle.

references therein. On the Hamiltonian side, see [2] or,[12] The method of controlled Lagrangians can be applied

for example, and references therein. to vehicles with MMAs exactly as it applies to classical
To begin the review, assume that the Euler-Lagrangeagrangian systems by recognizing that
equations hold for a mechanical system with Lagrangian 4 ol
= LT Ao 57, | =M@i+Clada  ©
== _ d ol _ al )
L(g.q) = 54" M(q)qa —V(q) (4) ( 49 4 )

where.M(q) is the'posmve definite klnet;c er;erTgy metr'c'whereqf _ [@TﬂaT]' and where® — n. Note Fhat@ is not
V(q) is the potential energy, and = [g; q;] is the g meaningful coordinate, but a quasi-coordinate. THUE,
vector of generalized coordinates. Coordinajgsare unac- does not depend o®. Though the quasi-coordinate does not
tuated; coordinateg, are actuated. Here, we do not assum@aye a physical meaning, its introduction helps us to put the
any symmetry in the system. Symmetries, if present, cagyuations in the traditional controlled Lagrangian fraragw
be used to reduce the dimension of the dynamics. Ignoringne may proceed with the method of controlled Lagrangians
dissipation, the Euler-Lagrange equations may be rewrittgsyactly as before, with the understanding that the control-
in the form modified kinetic metric must also not depend &n
. . OV (0 We assume that there is no actuation in the quasi-
M(q)g +Cla, )4+ oq <u>’ ®) coordinate directions and the internal dynamics are fully

where C is the standard “Coriolis and centripetal” matrixactuated. Thus, we lgg, = © and g, = r. Referring to
associated withM [11]. The inputu has the dimension of €quations (3) and (8),

qa. M . C o\ - :S o\ - G
If successfully applied, the method of controlled La- (03 +Cla,4)q (0,4)q + Gu,
grangians provides a control law and a modified Lagrangiamhere

L.(q,q) for which the closed-loop equations become A O 0
S= ( ) and G = ( )

M@+ Cula @i+ 5° = Scada ) 00 z
. N q ) Note that all entries oM, C' andS are independent af,,.

where M is a control-modified kinetic energy metrit, is  Applying the method of controlled Lagrangians gives
a control-modified potential energy, a#.(q, q) is skew-
symmetric. The conditions under which such a control law M (q)g+C:q,q4)qa=S:(q,9)q-
exists are called the “matching conditions.” Skew-symmetrComparing the open- and closed-loop equations above gives
of 8. ensures that the control-modified energy corresponding
to L. is conserved. The generalized for&.(q,q)q is S.g=M .M "(Gu+S8q—Cq)+C.q. 9)
referred to as “gyroscopic” in analogy with a class of o )
uncontrolled physical systems with similar dynamics [4]. L€t the components o be quadratic in velocity:

The matching conditions are derived by comparing equa-
tions (5) and (6) and then choosing the contwolnd the
free parameters i, so that (6) holds. Solving (6) foj ~Then we may write
and substituting into the open-loop equations (5) relates t

u'(q,q) = ul(q)d’ d".

original system parametef® andV to the control-modified Gu=U(q,9)4,
parametersV ., V., andS. [19]: where the non-zero components of the matliixare linear
oV, oV in velocity. Equation (9) becomes,
(2) :MMcl[SC(I—ch—a—' +Cq+ 5 (D) Y= ©
q q Sg=MM " ({U+8S-C)+C,.q.

The matching conditions are given by the firsequations ]

in (7), wheren is the dimension ofg,. The matching Skew-symmetry ofS. gives
conditions are a set of pon—linear PD.EstC apch with qT(MCMfl(U +8-C)+Cq=0. (10)
S. free to choose. Solving the matching conditions M.,
V. andS., (7) gives the control input.. Having obtained a The scalar equation (10) is cubic in velocity. Restrictihg t
control-modified Lagrangian system, one may study closedlosed-loop dynamics to be unconstrained, we may collect
loop stability of equilibria by treating the control-moditi coefficients of like terms and set each to zero. Eliminating
total energy the control componenta;lk from these equations gives the

1 matching conditions. Having satisfied these conditiong on
Ec(q,q) = §QTM<:(Q)(1 + Ve(q) may solve for the control law.



closed-loop kinetic energy metric that has a simple strectu
The kinetic energy shaping control is
2 2
v, = ety By
(B—1)
2(a+y*)(a+y* = Blwyy + Bla+y* — Dyy?
Fig. 2. A spinning disk with a point mass moving along a slot (ﬁ _ 1)(a 4 y2)2 ’

Next, we prove nonlinear stability of the equilibrium
using the energy-Casimir method [10]. The total angular
omentumC' = (a + y?)w + ¢ is a Casimir.

Proposition 4.1: The energy shaping contral, stabilizes

Nonlinear stability analysis for this type of system invedv
not only the control-modified energy but also any othef"
guantities that may be conserved under the system motion. : o - :
These additional conserved quantities are typically dstext tﬂirel?t“_/l_ehequ'“br"“;n(w’dy];.yzj: (1,0,0) pr%vgedﬂ <1
with inertial momentum conservation laws. The energy- roof: The control modified energy, an are con-

Casimir method described in [10] provides one constructivéerved quantiti(_as. Lets, = E? +¢(C) be a candid_ate
approach for proving Lyapunov stability. Lyapunov function, wherep(:) is an as-yet-undetermined

smooth function. Nonlinear stability of the equilibrium i
IV. EXAMPLE: A SPINNING DISK follow from Lyapunov’s direct method if

— 2
In this section, we illustrate the controlled Lagrangian VEg|, =0 and V= Ey|, >0 (or <0),
technique for a simple example. Consider a planar disfhere VE, and V2E, denote the gradient and Hessian of
Spinning about its centaD as shown in Figure 2. A point E¢ respective|y_ Upon Ca|cu|ation,
massm moves, under the influence of a control force, along

a linear track in the disk which is displaced some distance a (%’ + 1)
a # 0 from the center. Lef be the moment of inertia of the VE| = Oe
disk about its spin axis. ¢ @‘ +1
Define the non-dimensional quantities 9,
and
=Y o=", T:wtanda:—I +1 2 2
=9 wo' 0 ma? ’ a+ a? gcﬁ 0 1+« gcﬁ
wherewq # 0 is some reference angular rate. Dropping thev2E¢,L = 0 142 g—g 0
bar for convenience, the non-dimensional Lagrangian is ) 0% C P
l+a oz 0 acz| ta
1 T 2 1 e e
=3 < Z ) < @ J; y . > < “yj ) . The equilibrium can be made a maximumijf by choosing
. o . 9¢ ) 1
In the absence of physical dissipation, the equations of |l T -1 902 < T and g < 1.
motion are ¢ ©

A choice forg is ¢(C) = 3C?—(1+6a)C wheres < —1. R

d ( ol >
— =] =0
dt \ Ow Feedback dissipation can now be used make the equilib-
a (ﬁ) _ ﬂ = (11 rium asymptotically stable. When dissipation is addéd,

dt \ 9y dy is no longer conserved, thougH is still conserved. In this

whereu is the control applied to the point mass. The eigengase’E¢ = E. Let

values corresponding to the relative equilibriym y, ) = kaiss(a + y% — 1)
(1,0,0) are Ay = 0 and A3 = £y/a/(a—1). Since Udiss = 31

a > 1, the equilibrium is a saddle point. The zero eigenvalue . . .
corresponds to conservation of total angular momengim ChoosinGka;ss > 0 makesk, > 0 and thusf, > 0. Asymp-

We seek an energy shaping contral. such that b{he totic stability follows from LaSalle’s invariance prind@
closed-loop equations are Lagrangian. Following Sectibn | V. EXAMPLE: A PLANAR AUV

we obtain a matching solution for which . . . -
9 In this section, we consider the problem of stabilizing

a+y? 1 steady, long-axis translation of a streamlined underwater
M. = ( 1 f : ) and 8. =0, vehicle using a single MMA mounted orthogonally to the
aTy

desired axis of translation. We restrict our attention te th
where 3 # 1 is a control parameter. A family of matching planar case. While the example may seem academic, it
control laws for systems with one unactuated degree @ relevant to the problem of directional stabilization for
freedom is reported in [1]. The above matching law leads tormdderless underwater gliders. These vehicles use moving

4



must be located on the imaginary axis. For the uncontrolled
system, the eigenvalues corresponding to the equilibriten a

(Mg — My)(My — 1)

)\17273 =0 and /\4,5 = ﬁ:\/

I(My —1) — M,
b2
We have
Fig. 3. A planar underwater vehicle with two point masses. @mss is 1 1
fixed and the other moves along a track under the influence ohtato I(Mz — 1) —My=IMy|1—|=-4— .
force u. I M,

Sincel, My > 2, it follows thatI(Ms — 1) — Ms > 0. Be-

) cause), 5 constitutes a real conjugate pair, the equilibrium
mass actuators for attitude control because external@aesia is 4 saddle. The two additional zero eigenvalues reflect the

such as control planes and thrusters, can easily foul Qggenerate nature of the equilibrium; any state of the form
corrode. The problem is also reminiscent of re-entry vehlcl(w v, va, y, )T = (0,1,0,7,0)T is an equilibrium
) ) ) ) ) ) ) ) .

stabilization as described in [7]. ~ Following the procedure outlined in Section III, we find a
Figure 3 depicts an elliptical planar underwater Veh'Cl‘f’natching control law such that

with a single MMA. The vehicle moves with translational

velocity v = [v1, v5]” and angular velocity.. An actuated It+y> -y 0 1

massm; moves along a track which is parallel to the pr — | ¥ Mo 004 g o
body b,-axis and offset some distanee forward of the i 0 0 My 1 ‘
geometric centerr; = (a,y(t)). (In this analysis, it makes 1 0 Lop

no difference whether the mass is forward or aft of then order to make the equilibrium an isolated equilibrium,

geometric center.) To simplify analysis, another point snasye introduce an artificial potential functiol, = 1ky?.

my = m, is fixed at the locationy = (—a, 0). The control parameters are thgsand k. We observed that
We usea, m anda/v, for length, mass and time scaling, the above choice of a matching law does not lead to a

respectively, wherey, is some desired steady translationaproof of nonlinear stability. In lieu of a proof of nonlinear

speed. The nondimensional inertialisthe nondimensional stability, we determine values &fandp for spectral stability.

mass in theb; direction is};, and the nondimensional mass

in the b, direction isM,. We letl; represent the length of the  Proposition 5.1: There exist values ofk and p for

vehicle along theb; axis. Assuming that; > I, it follows  which (12) is spectrally stable.

that M, > M,;. Moreover, we havd > 2 and M » > 2. Proof: Each eigenvalue\ for the closed loop system
Letr =y and letn = (w, v1, v2)T. Then the Lagrangian satisfies
is given by (2), where AN Bz B2y (13)
H3 H3
I+y> -y 0 1 where
M — -y M1 0 0
o 0 0 M2 1 Mm1 = _kIMQ + (le — 1)(M2 — Ml)
1 0 1 1 M2 = le(MQ—Ml); M5:I+(1—pI)M2
The nondimensional equations of motion are given by (3\s noted earlier, the zero eigenvalue corresponds to conser
where vation of total linear momentum. For spectral stabilitye th
0 f% % remaining eigenvalues must lie on the imaginary axis. This
A=| 2 0 0o . will occur only if
—,ﬁ 0 0 Iz 7
v B0, 250, and p2 —4psps >0.  (14)

. H3 3
The square of the momentum magnitutle = (aa—vll)2 MM o
. . 1 2
(L)% is conserved and the dynamics evolve on a surface Let us assumé < 57,177 A similar proof follows when

of constantP,. The equilibrium of interest is I> % The cur\_/e¢(k;,p) = pf — 4pops = 0 passes
through the intersection ofi; = 0 and u3 = 0 and the
(w, vy, v2, ¥, y) = (0, 1, 0, 0, 0). (12) intersection ofu; = 0 andus = 0. The linesy; = 0, po = 0,
. o . and u3 = 0 are shown schematically in Figure 4 (a), where
Because the system is Hamiltonian (see [18]), the eigenval-
R . . N . 1 I+ M, 1
ues of the linearized dynamics are distributed symmetyical pr=— and py = > —.
about the real and imaginary axes. One of the eigenvalues My 1M My

is zero, reflecting conservation of total linear momentumiNote that the curves(k,p) = 0 is quadratic ink and p.
The remaining four eigenvalues either appear in pure reWhen k = 0, ¢(0,p) = (My — M;)?(1 — Myp)?. Thus
conjugate pairs, pure imaginary conjugate pairs, or as a com(0, p) = 0 has a double root a¢ = 1/M;. This implies
plex conjugate quartet. For spectral stability, all eigdugs that thep axis is tangent to the curvg@ = 0 at p = 1/M;.



control to real engineering problems. Though the examples
considered in this paper are simple examples, we anticipate

Hi=dpiatts  py=0
A

A % : *

B C D ReA
=0 PO Py P

D /\

H3=0 3 [1]

(a) (b)

_ _ = o _ [2]
Fig. 4. (a) Linear stability boundaries in tli&, p) space. (b) Eigenvalue
movement ask is decreased.

(3]

Similarly, the lineus = 0 is tangent to the curve dpo, k2).
Since ¢ = 0 is quadratic, the above observations suggests]
that the curvep = 0 has the form as shown schematically in
Figure 4 (a). Alsog(0,0) = (M — M;)? > 0. Thus,$ > 0
outside the shaded region in 4 (a). The triangle formed by
w1 = 0, up = 0 and uz = 0 represents the region where [5]
% >0 and £2 > 0. Thus, the hashed region represents the
parameter values df and p for which the spectral stability
conditions in (14) are satisfie@ -
The movement of the eigenvaluesfass varied is shown
schematically in Figure 4 (b). At poi, as shown in 4 (a),
there exists a symmetric quartet of eigenvalues. iAss
decreased, the eigenvalues move towards the imaginary axig]
At point B, ¢ = 0 and the system undergoes a Hamiltonianl[9]
Hopf bifurcation. FromB to C, the eigenvalues move along
the imaginary axis. One pair moves towards the origin and
coalesces af (k = 0). As k is decreased further, this pair [10]
splits apart, moving in opposite directions along the redd.a

(7]

[11]

Corollary 5.2: The equilibrium cannot be stabilized using[12]
potential shaping alone.

Proof: Note thatp = 1 corresponds to the case where
there is no kinetic shaping. The proof follows from thel13]
observation that > p, = 1 + 1\% asl > 2 and My > 2.
Thus, the linep = 1 lies outside the stability region shown [14]

in Fi 4 (a)l
in Figure 4 (a) 115}

VI. CONCLUSIONS [16]

The method of controlled Lagrangians is a promising
nonlinear stabilization method for vehicles with internal
actuators. The control technique was applied to vehiclg7]
systems with moving mass actuators. Examples of this class
of systems include underwater gliders and re-entry vehicle
We have studied two systems to illustrate the idea. For thesg)
spinning disk example, an asymptotically stabilizing eyer
shaping controller was derived. For the planar underwat%{9
example, the control modified energy failed to satisfy con-
ditions for nonlinear stability. However, the control law i
locally stabilizing and there exist control parameter ealu
for which the desired equilibrium is spectrally stable. The
example illustrates that deriving a energy shaping control
law does not necessarily guarantee nonlinear stability and
warrants further research in the application of energy isigap

that this control technique can be applied to complex céntro
vehicle problems.
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