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1. INTRODUCTION

This paper develops a constructive approach to
the determination of asymptotically stabilizing
control laws for a class of Lagrangian mechani-
cal systems with symmetry — systems described
by the Euler-Poincaré equations. This work com-
plements and extends the class of systems dis-
cussed in Bloch, Leonard and Marsden [1997,
1998, 1999a,b, 2000a]. Here we concentrate on
the details of asymptotic stability. The paper is
complementary to Bloch, Leonard and Marsden
[2000b] and uses some of the ideas from Bloch,
Chang, Leonard and Marsden [2000] and Woolsey
and Leonard [1999].

The specific case we consider is that in which the
configuration space is @ = H x G, where H is a
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Lie group and G is an Abelian Lie group. We also
assume that the Lagrangian L : TQ) — R is left
invariant under both G' and H, so the G variables
are cyclic and the controls act only on these cyclic
variables.

As in our previous analysis, the guiding principle
behind our methodology is to begin by consider-
ing a class of control laws that yield closed-loop
dynamics which remain in Lagrangian form. The
goal with this first step is to achieve stabilization
within the class of conservative systems. Secondly,
we append controls that are dissipative in nature
to turn the conservative stabilization into asymp-
totic stabilization.

2. EULER-POINCARE MATCHING AND
STABILIZATION.

In this section we recall the Euler-Poincaré match-
ing theorem. This will be illustrated in §4 by the
spacecraft with rotors.

The spacecraft example has two symmetry groups
associated with it, as do many other examples.



One group, which in this case is the nonabelian
group SO(3), is associated with the rotational
symmetry of the overall problem and another
group, an Abelian group, is the product of several
copies of S! associated to the rotors, which are
also the control directions. In this section, we
use this setting to get a concrete and readily
implementable Euler-Poincaré matching theorem.

2.1 Euler—Poincaré Matching.

Let L : T(H xG) — R denote a given left invariant
Lagrangian and [ : h x TG — R be the restriction
of L to the Lie algebra of H. For a curve h(t) € H
let 1(t) = Ty Lnwy-1h, which we also write
as n(t) = h(t)"'h(t). We consider Lagrangians
that are purely kinetic energy Lagrangians, and
correspondingly, the (reduced) Lagrangian takes
the form

; 1 . 1 .
l(ﬁa, aa) = 59&677&776 + Gaan®0" + §gab0a9b-
(2.1)

Here n® are the variables in h and 0% are the
control variables. Note that gng, gaa and gqp are
all constant (fixed) matrices.

The cyclic variables 6% in G give rise to the
conserved quantity

ol .
Jo = % = gaana + gabeb- (22)
The equations of motion for the control system
where the controls u, act in the 6% directions are
the controlled FEuler-Poincaré equations:

d ol _ 5 ;0

d ol
E% = Ugq (24)

where cié are the structure constants of the Lie

algebra h.

We choose the controlled Lagrangian to be

. 1
Lo =1, 0%+ 120%) + —aangTgnD‘nB

2
1 .
+ i(Pab — 9ab)(0° + 9" gean™ + T51%)
(0" + g*gesn® + Thn®). (2.5)

To preserve symmetry 72,

stant matrices.

oqp and pgp are con-

From (2.5) we find that the controlled con-
served quantity is given by

. ol .

Jo= =5 = pun(®” + " gean” +7a0%)- (26)
The controlled Lagrangian prescribes the closed-
loop system, i.e., the closed-loop dynamics are the
Euler-Poincaré equations corresponding to I ;5 ,:

dol: s, 3 s0lo,
——tr = —r 2.7
at one o8 Tonp 2.7
d ol s,
——F =0. 2.8
dt g (28)
To effect this closed-loop system, the control in-
puts u, must be chosen so that (2.4) and (2.8)
are equivalent. Additionally, the controlled La-
grangian must satisfy matching conditions, i.e.,
it must be chosen so that (2.3) and (2.7) are
equivalent.

We make the following assumptions:
Assumption EP-1. 78 = —0%gpq.
Assumption EP-2. 0% + p? = g2,

The following is proved in Bloch, Leonard and

Marsden [2000b)].

Theorem 1. Under the assumptions EP-1 and EP-
2, the Euler-Poincaré equations for the controlled
Lagrangian (2.7)-(2.8) coincide with the con-
trolled Euler-Poincaré equations (2.3)-(2.4).

The control law u, can be determined by compar-
ing (2.4) to the controlled conservation law

dol,,, d-
SZnoe = 2= 2.
it op —at’" = (29)

where .J, is given by (2.6). We find

Uq = gababcgcoﬂ?a- (210)

To get a control law that is a function of velocities
rather than accelerations we can substitute for
accelerations from the Euler-Poincaré equations.
This yields

d 0l aw 5 Ol

Ugq :kaaw :kacadn W

= k2 clsn® (guan” + guef”), (2.11)
where k£ are control gains defined by
kS = Dapo" ges B, (2.12)
Bag = gas — 9ab 9" Gas; (2.13)
Dba — gba + chgcﬁBaﬁgaeg“e. (214)

2.2 Euler—Poincaré Stabilization

We now use the energy-Casimir method to deter-
mine stability (see e.g. Marsden and Ratiu [1994]).
Recall that for mechanical systems, an eigenvalue
analysis alone is not sufficient for determining
stability.

Define Iy on h by

1
lo(n®) = igaﬁn”nﬁ- (2.15)



A (relative) equilibrium 7. for the corresponding
dynamical equations satisfies the equation

8 ons
Now suppose we have a collection of Casimir
functions C*(M,), -+ ,C™(M,) where

dly
a— 37 .~ — Ya B-
Mo = g5 = 9apm

=0. (2.16)

Now set

Ep =1y +®(C*,---C™). (2.17)

We require that the Casimir functions be chosen
so that the first variation of FEg vanishes at
equilibrium, i.e.,

- oc*
— B | o
6(Ea)|n. = gapdn (77 + Z (D ®) (9Ma>

(2.18)

The second variation at equilibrium is given by
0*(Ea)ly. = (9ap + 9auH" 9u5) 6n*on°, (2.19)

H" =

Ui ack pCi
Z (Dis®) oM, OM,
k,j=1

92CH
+ Z De®) arant, )

Now consider the full uncontrolled Lagrangian .
Using (2.3), the full system will still have 7. as an
equilibrium together with 62 provided

(2.20)

Casle (gﬁmf +gﬁa93) =0. (2.21)

This is satisfied if ¢ ;70 gp.6% = 0 and in particu-
lar if §° = 0.

This implies, from our matching conditions, that
l,o,p also has this equilibrium. Set

N R |
Ma = Wap = 677 gaﬁn +gaa9
= Gaﬁn + GoaP abjb

using (2.6) and where we define

(2.22)

Gap = gas = JaaP™ gos-

For stability of the controlled system we use
By =lrg,+® (C’“(Ma), Ja) (2.23)
where ® is a smooth function.

We next compute the first and second variations
of Ejz. Using again the conserved quantities J,
and assumption EP-2, we get

B

1
l‘r,o’,p = 5 (gaﬁ + Jar (Uab - gab) gbﬁ) nan

1 o~
+ §p“bJan

1 -
§p“bJan.

1
5Gwn”nﬁ + (2.24)

=0.

The first variation is

m
+ ; (Dk(l)) aMagabp =0.
- €
(2.25)
Thus, we require
m
-\ oCk o
(; (Dkq)) 6Ma> ‘ =T, (226)
- €
Dm+a‘i)|e = (_pabjb + pabgabna) . = _éa|e
(2.27)

Similarly, we can compute the second variation.
Consider the case (apparently sufficient for appli-
cations) where

(7)

@(01,---,Cm,ﬂ) =3 (C,--,C™) + ¥

(2.28)
Accordingly, (2.27) becomes
D, Y|, = —6°.. (2.29)
Now define
. n k J
Haﬁ — Z Dqu> oC 60
Pyt oM, 8M5
820k
+ D (I> 2.30
Soazico) e
Then, the second variation is given by
8?Ezle = 0°Es we (2.31)

= Nopon®on® + 2P%6n*6.J, + R*6.J,0.J,
= Nog6&®667 + (R® — N0 P2 PY) 67,67y,

(2.32)
where
Nog = Gag + Gay H G,
Pg = Ga’yg’ydgébpab
0% -
Rab — ab+ < ~ ~> Haﬁ e ac bd,
p 37971, JacP* gaap

5™ = on* + NP Phs J,.
Definiteness of this quantity at the given equilib-
rium implies nonlinear stability. Using the free-

dom in choosing ( Q2q’~)
e

we can make the

0Ja0Jp
second term on the right hand side of (2.32) have
whatever definiteness we require. Then, stability
will be guaranteed if we can choose p,; such that
N is definite (under the restrictions that (2.26)
and (2.27) are satisfied).



Theorem 2. Let 1, be an equilibrium for the un-
controlled dynamics given by Iy (2.15). Suppose
that 6, satisfies (2.21). Then, (., 8.) is an equilib-
rium for the controlled system described by [, ,,,
(2.24). This equilibrium is Lyapunov stable for
the controlled dynamics if p, and ®(Cy, ... ,Cp)
can be found so that (2.26) is satisfied and Gop5+
GoyH°Gsp is definite. Here ® is assumed to be
of the form (2.28).

If the equilibrium is spectrally unstable for the
uncontrolled dynamics, one cannot make g.p +
goayH"gs5 of (2.19) definite. In the controlled
setting, however, we can require that G.p +
GMET“"SGM be definite. The tensor G,g is the
horizontal part of the metric for the controlled
system, i.e., the “controlled inertia” associated
with the group H variables. Since G, = gap —
gaapabgbg, it is clear how the control gain p,; en-
ters in to provide stabilization, i.e., by modifying
the inertia.

3. DISSIPATION AND ASYMPTOTIC
STABILIZATION

To obtain asymptotic stability, we introduce an
additional term in the control law to simulate
dissipation as follows

ial‘l’,o’,p _ B §6lr,a,p

dt 61705 —Cadn W (31)
Aoy, :

S Trop g = yliss 2
Y PR (3.2)

In this case the complete control law takes the
form

diss

cons be
Ug = Uy + Dapp“ug

= ul®™ + (gab — kS gab)p"ul™  (3.3)
where

g™ = kgeisn’ (guan” + gund’)
and the relationship between p® and k2 is given
by Assumption EP-2 and (2.12).

Assu£ne that we have fotlnd Ca~simir functions
C*(M,) and a function ®(C*,J,) = ®(C*) +

U(J,) such that the Lyapunov function
Ez =lrg,+®(C* J) =1, +®CF) +¥(J,)

yields (Lyapunov) stability of the (relative) equi-
librium, (n2,60%). Then,

d d 0d . ov :
—Ey=— —Ch+ =,
dt [ dtlT,U,P + 6Ck "+ 8Ja J
= <9’“ + 8—‘?) udiss (3.4)
0Ja

where we have used %ZT,(,,,, = #%udiss and since
actuation is internal,

C* = constant. (3.5)

Assume that Ej has a local maximum at the
equilibrium. Choose

; A
4 = oy (0" + = ) , 3.6
Ug Cab < EYA (3.6)

where c,p is a positive definite matrix. Then,

d L L
—E; =cu | 0%+ — 0”+—~> >0. (3.7
at= ( aJa> ( 0J, (3.7)

In the case that the equilibrium of interest is such
that 8|, = 0, we can take ¥ as

~ 1 ~ ~
U(J) = §ebCJbJC,

where € is a sign definite symmetric matrix.

Then, (3.7) becomes

%E@ = cap (9“ + e“cjc) (éb + ebdjd) > 0.
(3.8)

To obtain asymptotic stability we use the LaSalle
invariance principle and the details of the specific
system, as illustrated below.

4. GYROSCOPIC STABILIZATION WITH
ROTORS

We show how the preceding results on Euler—
Poincaré matching and stabilization apply to an
important class of examples, namely rigid bodies
carrying internal rotors. We can treat many sys-
tems, such as the spacecraft with internal rotors,
the underwater vehicle with internal rotors and
the heavy top with rotors, but we confine ourselves
to the spacecraft here due to limited space.

Following Krishnaprasad [1985] and Bloch, Kr-
ishnaprasad, Marsden and Sanchez de Alvarez
[1992], consider a rigid body with a rotor aligned
along the third principal axis of the body as in
Figure 4.1. The rotor spins under the influence of
a torque w acting on the rotor. The configuration
space is Q = SO(3) x S!, with the first factor
H = SO(3) being the spacecraft attitude and the
second factor G = S! being the rotor angle. The
Lagrangian is total kinetic energy of the system,
(rigid carrier plus rotor), with no potential energy.

The reduced Lagrangian on so(3) x T'St is

1 i
1(Q,¢) = 50\19% + X3+ LO3 + J3(Q3 + ¢)°)
(4.1)

where Q@ = (21,Q2,Q3) is the body angular
velocity vector of the carrier, ¢ is the relative
angle of the rotor, Iy > I > I3 are the rigid body
moments of inertia, J; = Jo and J3 are the rotor
moments of inertia and \; = I; + J;.



spinning rotor

v

Fig. 4.1. The spacecraft with a rotor attached
along the long axis.

The body angular momenta are determined by the
Legendre transform to be

II; = Ml =\, Iy = MQ = X2(ls,
Iz = M3 = \3Q3 + J3¢.
The momentum conjugate to ¢ is

g—; =13 = J3(Qs + ).

The equations of motion with a control torque u
acting on the rotor are

A = 2005 — (AsQ23 + J3<i))92
Ao = =M Q1 Qs + (303 + J30)
>\3Q3 + J?)(iS = (A1 — A2)1 Q.

l3:’u.

Next, we form the controlled Lagrangian and
apply the Euler-Poincaré matching theorem. Since
the Abelian group G = S! is one-dimensional, g,
oap and pgp are all scalars. From (4.1), gap = J3.
Let o4 = o0Js and py = pJs where ¢ and p
are dimensionless scalars. For matching, choose 75
according to Assumption EP-1, i.e.,

1
6 ¢ ¢ \_
(18, 78, 15,) = —U—J3(0 0 Js). (4.6)
To satisfy Assumption EP-2, p should satisfy
1 1 1

e, p= (4.7)

o—1

ok ok T

Substituting into equation (2.5) with these choices,
the controlled Lagrangian is given by

1 1
brop = 5 (AIQ% + 0202 + 032 + ;J3Q§>

1{ o aad_Lg 2 A
+§ U_1J3<3+¢—; 3) (4.8)

where o is a free variable and matching is ensured
by Theorem 1. The controlled conserved quantity
is

- . Al i
l3 =J= G—Lﬁm = J3Qg +pJ3(Z5
We use the formula (2.11) to get the control law

u = u®" = k‘()\l — Az)Qlﬂg.

We note that

1 E Iy 1 (1—k)Js—kl;
A A S A A4 4.
g 1—kJ3, P (l—k‘)J3 ( 9)

Consider (Q1,Q5,0s,¢) = (0,9,0,0), & # 0,
the equilibrium corresponding to steady rotation
about the intermediate axis (unstable for the
uncontrolled spacecraft). In contrast to earlier
work, we carry out our analysis on the Lagrangian
side and we do not restrict the stability analysis
to the zero level set of the conserved momentum.

The Casimir for this problem is the total angular
momentum of the body plus rotor system. We let

C = % (()\191)2 + ()\292)2

+ <<I3 + %) 05 + U;1f3>2> . (4.10)

The Lyapunov function becomes

1 J: 1 -
Eg = 3 (MQ% + 005 + <[3 + f) 3 + —l?;)

pJ3
+@(C) + ¥(ls). (4.11)
To satisfy (2.26) of Theorem 2, we require
A A 1
q),|e>\292 - —QQ, i.e., ‘I)’|e = ——.
A2

We show that Nag = Gap + Gory H'’Gs5 can be

made definite. The matrix Gop = gas — JaaP™ 93

is diagonal: diag(A1, A2, I3 + J3/0). The matrix
H®5 defined by (2.30) is computed to be
H = diag (9], ®'|. + 3"|.A\3Q7, &',

1 1 ~ 1

— diag [ ——, —— +®"|.2202, —— ).

1ag< N )\24- [eAZ2%, N

N,p is computed to be diagonal with diagonal
elements

A2 _ Js 1 J3\
e MO L+ 2 - — [+ 2 ).
<>\1 )\2, |e)\2 , I3 + - " 3+ -

Since the first diagonal element is negative, we
choose ®"|. to be negative also and require that

J1 J3\ 2
I3+—3——<I3+—3> <0
ag ag

This condition holds if £ > 1 — I3/\; and Ej has
a local maximum at the equilibrium of interest.
So, by Theorem 2 we have proved

Proposition 3. For k> 1— I5/ A2, the equilibrium
(0,9,0,0) is nonlinearly stable for the feedback
controlled system.

5. ASYMPTOTIC STABILITY OF
SPACECRAFT WITH A ROTOR

We consider one approach to asymptotic stabiliza-
tion; others are examined in a future publication.



Dissipation is introduced so that FEj becomes
a Lyapunov function for the closed-loop system
with the complete control law which is computed
below. Any given initial condition uniquely de-
termines the equilibrium that can be asymptot-
ically stabilized; the conservation of the Casimir
function (4.10) gives the magnitude as ||[A\2Q|> =
ITT]|?> = ||TI(0)||* and the stability implies that the
sign of ) is the same as that of Q5(0) since the
flow stays near (0,9,0,0).

In the expression for Ej, ¥ is given by

- 1 -
U(l3) = 26J3l§

with € < 0 and |¢| < 1. By (3.6)

45 — o <¢ + il}) =c (%Q3 + (1 + g) ¢>

with ¢ > 0, and the complete control law is

1 .
u = k(Al — )\2)9192 + (]. — k:)—ud‘ss,
p
where p is given by (4.9). Suppose that the flow
(Q1(2), Qa(t), Q3(t), @(t)) satisfies Eg = 0, equiv-

alently w9 = 0. Then, since I3 = u®™, [3 is
constant. This implies that

é(t) = $(0) = constant,
Q3(t) = Q3(0) = constant.

Substituting these into (4.4), we get
010, = 0. (5.1)

Since Qy(t) stays near Q # 0 by stability, (5.1)
implies that

for all ¢. Substitution of this into (4.3) gives
Q2 (t) = Q2(0) = constant. (5.2)

Substitute these two into (4.2) and we get

((M —A3)Q3 — J3¢3) 22(0)=0
or
(A2 — A3)Q3 — Js5 =0 (5.3)

since 5(0) # 0 by stability. We also have u%iss =
0, which is given by

Qs+ (e+p)p = 0. (5.4)

All we require on € is that it should be negative
and satisfy some inequality to guarantee the (Lya-
punov) stability. We can find € satisfying

(A2 = As)(e+p)+ S5 #£0 (5.5)

such that the two equations in (5.3) and (5.4) are
independent. Then Q3 = ¢ = 0. Thus, the only
possible flow satisfying u4i%s = 0 is

Dy (t) = 02(0).

0 (t) = Qs(t) = o(t) =0,

This implies that
M2 Q2(0) = M) + X2 Q2] + X3 Qs + T3]
= [[I]]> = A0

and so Q5(0) = Q by stability. Thus, the only
possible flow satisfying u%** = 0 is the equilib-
rium. By the LaSalle invariance principle, it is
asymptotically stable.
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