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�� INTRODUCTION

This paper develops a constructive approach to
the determination of asymptotically stabilizing
control laws for a class of Lagrangian mechani�
cal systems with symmetry � systems described
by the Euler�Poincar�e equations� This work com�
plements and extends the class of systems dis�
cussed in Bloch� Leonard and Marsden ��		
�
�		�� �			a�b� �


a�� Here we concentrate on
the details of asymptotic stability� The paper is
complementary to Bloch� Leonard and Marsden
��


b� and uses some of the ideas from Bloch�
Chang� Leonard and Marsden ��


� and Woolsey
and Leonard ��			��

The speci�c case we consider is that in which the
con�guration space is Q � H � G� where H is a
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Lie group and G is an Abelian Lie group� We also
assume that the Lagrangian L � TQ � R is left
invariant under both G and H � so the G variables
are cyclic and the controls act only on these cyclic
variables�

As in our previous analysis� the guiding principle
behind our methodology is to begin by consider�
ing a class of control laws that yield closed�loop
dynamics which remain in Lagrangian form� The
goal with this �rst step is to achieve stabilization
within the class of conservative systems� Secondly�
we append controls that are dissipative in nature
to turn the conservative stabilization into asymp�
totic stabilization�

�� EULER�POINCAR�E MATCHING AND
STABILIZATION�

In this section we recall the Euler�Poincar�ematch�
ing theorem� This will be illustrated in x� by the
spacecraft with rotors�

The spacecraft example has two symmetry groups
associated with it� as do many other examples�



One group� which in this case is the nonabelian
group SO���� is associated with the rotational
symmetry of the overall problem and another
group� an Abelian group� is the product of several
copies of S� associated to the rotors� which are
also the control directions� In this section� we
use this setting to get a concrete and readily
implementable Euler�Poincar�ematching theorem�

��� Euler�Poincar�e Matching


Let L � T �H�G�� R denote a given left invariant
Lagrangian and l � h�TG� R be the restriction
of L to the Lie algebra of H � For a curve h�t� � H
let ��t� � Th�t�Lh�t���

�h� which we also write

as ��t� � h�t��� �h�t�� We consider Lagrangians
that are purely kinetic energy Lagrangians� and
correspondingly� the �reduced� Lagrangian takes
the form

l���� ��a� �
�

�
g���

��� � g�a�
� ��a �

�

�
gab ��

a ��b�

�����

Here �� are the variables in h and �a are the
control variables� Note that g��� g�a and gab are
all constant ��xed� matrices�

The cyclic variables �a in G give rise to the
conserved quantity

Ja �
�l

� ��a
� ga��

� � gab ��
b� �����

The equations of motion for the control system
where the controls ua act in the �a directions are
the controlled Euler�Poincar�e equations�

d

dt

�l

���
� c����

� �l

���
�����

d

dt

�l

� ��a
� ua �����

where c��� are the structure constants of the Lie
algebra h�

We choose the controlled Lagrangian to be

l����� � l���� ��a � �a��
�� �

�

�
�ab�

a
��

b
��

���

�
�

�
��ab � gab�� ��

a � gacgc��
� � �a��

��

� � ��b � gbcgc��
� � � b��

��� �����

To preserve symmetry �a� � �ab and �ab are con�
stant matrices�

From ����� we �nd that the controlled con�

served quantity is given by

�Ja �
�l�����

� ��a
� �ab� ��

b � gbcgc��
� � � b��

��� �����

The controlled Lagrangian prescribes the closed�
loop system� i�e�� the closed�loop dynamics are the
Euler�Poincar�e equations corresponding to l������

d

dt

�l�����
���

� c����
� �l�����
���

���
�

d

dt

�l�����

� ��a
� 
� �����

To e�ect this closed�loop system� the control in�
puts ua must be chosen so that ����� and �����
are equivalent� Additionally� the controlled La�
grangian must satisfy matching conditions� i�e��
it must be chosen so that ����� and ���
� are
equivalent�

We make the following assumptions�

Assumption EP��� �a� � ��abgb��

Assumption EP��� �ab � �ab � gab�

The following is proved in Bloch� Leonard and
Marsden ��


b��

Theorem �
 Under the assumptions EP�� and EP�
�� the Euler�Poincar�e equations for the controlled
Lagrangian ���
������� coincide with the con�
trolled Euler�Poincar�e equations ������������

The control law ua can be determined by compar�
ing ����� to the controlled conservation law

d

dt

�l�����

� ��a
�

d

dt
�Ja � 
 ���	�

where �Ja is given by ������ We �nd

ua � gab�
bcgc� ��

�� ����
�

To get a control law that is a function of velocities
rather than accelerations we can substitute for
accelerations from the Euler�Poincar�e equations�
This yields

ua � k�a
d

dt

�l

���
� k�a c

�
���

� �l

���

� k�a c
�
���

��g���
� � g�b ��

b�� ������

where k�a are control gains de�ned by

k�a � Dab�
bcgc�B

�� � ������

B�� � g�� � g�bg
abga�� ������

Dba � gba � �bcgc�B
��g�eg

ae� ������

��� Euler�Poincar�e Stabilization

We now use the energy�Casimir method to deter�
mine stability �see e�g� Marsden and Ratiu ��		����
Recall that for mechanical systems� an eigenvalue
analysis alone is not su�cient for determining
stability�

De�ne l� on h by

l���
�� �

�

�
g���

��� � ������



A �relative� equilibrium �e for the corresponding
dynamical equations satis�es the equation

c����
� �l�
���

� 
 � ������

Now suppose we have a collection of Casimir
functions C��M��� � � � � C

m�M�� where

M� �
�l�
���

� g���
� �

Now set

E� � l� ���C�� � � �Cm� � ����
�

We require that the Casimir functions be chosen
so that the �rst variation of E� vanishes at
equilibrium� i�e��

	�E��j	e � g��	�
�

�
�� �

mX
k��

�Dk��
�Ck

�M�

������
e

� 
 �

������

The second variation at equilibrium is given by

	��E��j	e � �g�� � g�
H

�g��� 	�

�	�� � ����	�

H
� �

�
� mX

k�j��

�Dkj��
�Ck

�M


�Cj

�M�

�

mX
k��

�Dk��
��Ck

�M
�M�

������
e

� ����
�

Now consider the full uncontrolled Lagrangian l�
Using ������ the full system will still have �e as an
equilibrium together with ��ae provided

c����
�
e

�
g���

�
e � g�a ��

a
e

�
� 
 � ������

This is satis�ed if c����
�
eg�a

��ae � 
 and in particu�

lar if ��ae � 
�

This implies� from our matching conditions� that
l����� also has this equilibrium� Set

�M� �
�l�����
���

�
	l

	��
� g���

� � g�a ��
a

� G���
� � g�a�

ab �Jb ������

using ����� and where we de�ne

G�� � g�� � ga��
abgb��

For stability of the controlled system we use

E	� � l����� � ��
�
Ck� �M��� �J

a
�

������

where �� is a smooth function�

We next compute the �rst and second variations
of E	�� Using again the conserved quantities �Ja
and assumption EP��� we get

l����� �
�

�

�
g�� � ga�

�
�ab � gab

	
gb�
	
����

�
�

�
�ab �Ja �Jb

�
�

�
G���

��� �
�

�
�ab �Ja �Jb� ������

The �rst variation is

	E	� � G��	�
�

�
�� �

mX
k��

�
Dk

��
� �Ck

�M�

������
e

� 	 �Ja



�ab �Jb �Dm
a

��

�

mX
k��

�
Dk

��
� �Ck

�M�

g�b�
ab

������
e

� 
 �

������

Thus� we require

�
mX
k��

�
Dk

��
� �Ck

� �M�

������
e

� ���e � ������

Dm
a
��je �

�
��ab �Jb � �abg�b�

�
����

e
� � ��aje

����
�

Similarly� we can compute the second variation�
Consider the case �apparently su�cient for appli�
cations� where

��
�
C�� � � � � Cm� �Ja

�
� �

�
C�� � � � � Cm

	
��

�
�Ja
�
�

������

Accordingly� ����
� becomes

Da�je � � ��aje� ����	�

Now de�ne

�H�� �

�
� mX

k�j��

Dkj�
�Ck

� �M�

�Cj

� �M�

�
mX
k��

Dk�
��Ck

� �M�� �M�

������
e

� ����
�

Then� the second variation is given by

	�E	�je � 	�E���je ������

� N��	�
�	�� � �P a

�	�
�	 �Ja �Rab	 �Ja	 �Jb

� N��	

�	
� �

�
Rab �N��P a

� P
b
�

	
	 �Ja	 �Jb�

������

where

N�� � G�� �G��
�H��G�� �

P a
� � G��

�H��g�b�
ab�

Rab � �ab �



���

� �Ja� �Jb

�����
e

� �H��g�c�
acg�d�

bd�

	
� � 	�� �N��P b
�	

�Jb�

De�niteness of this quantity at the given equilib�
rium implies nonlinear stability� Using the free�

dom in choosing
�


��

 	Ja
 	Jb

����
e
we can make the

second term on the right hand side of ������ have
whatever de�niteness we require� Then� stability
will be guaranteed if we can choose �ab such that
N�� is de�nite �under the restrictions that ������
and ����
� are satis�ed��



Theorem 

 Let �e be an equilibrium for the un�
controlled dynamics given by l� ������� Suppose
that ��e satis�es ������� Then� ��e� ��e� is an equilib�
rium for the controlled system described by l�����
������� This equilibrium is Lyapunov stable for
the controlled dynamics if �ab and ��C�� � � � � Cm�
can be found so that ������ is satis�ed and G���

G��
�H��G�� is de�nite� Here �� is assumed to be

of the form �������

If the equilibrium is spectrally unstable for the
uncontrolled dynamics� one cannot make g�� �
g��H

��g�� of ����	� de�nite� In the controlled
setting� however� we can require that G�� �

G��
�H��G�� be de�nite� The tensor G�� is the

horizontal part of the metric for the controlled
system� i�e�� the �controlled inertia� associated
with the group H variables� Since G�� � g�� �
ga��

abgb� � it is clear how the control gain �ab en�
ters in to provide stabilization� i�e�� by modifying
the inertia�

�� DISSIPATION AND ASYMPTOTIC
STABILIZATION

To obtain asymptotic stability� we introduce an
additional term in the control law to simulate
dissipation as follows

d

dt

�l�����
���

� c����
� �l�����
���

�����

d

dt

�l�����

� ��a
� ��Ja � udissa �����

In this case the complete control law takes the
form

ua � uconsa �Dab�
bcudissc

� uconsa � �gab � k�a g�b��
bcudissc �����

where

uconsa � k�a c
�
���

��g���
� � g�b ��

b�

and the relationship between �ab and k�a is given
by Assumption EP�� and �������

Assume that we have found Casimir functions
Ck� �M�� and a function ���Ck� �Ja� � ��Ck� �
�� �Ja� such that the Lyapunov function

E	� � l����� � ���Ck� �Ja� � l����� ���Ck� � �� �Ja�

yields �Lyapunov� stability of the �relative� equi�
librium� ���e �

��ae �� Then�

d

dt
E	� �

d

dt
l����� �

��

�Ck
�Ck �

��

� �Ja

��Ja

�



��a �

��

� �Ja

�
udissa �����

where we have used d
dt
l����� � ��audissa � and since

actuation is internal�

Ck � constant� �����

Assume that E	� has a local maximum at the
equilibrium� Choose

udissa � cab



��b �

��

� �Jb

�
� �����

where cab is a positive de�nite matrix� Then�

d

dt
E	� � cab



��a �

��

� �Ja

�

��b �

��

� �Jb

�
� 
� ���
�

In the case that the equilibrium of interest is such
that ��aje � 
� we can take � as

�� �J� �
�

�
�bc �Jb �Jc �

where �bc is a sign de�nite symmetric matrix�
Then� ���
� becomes

d

dt
E	� � cab

�
��a � �ac �Jc

��
��b � �bd �Jd

�
� 
�

�����

To obtain asymptotic stability we use the LaSalle
invariance principle and the details of the speci�c
system� as illustrated below�

�� GYROSCOPIC STABILIZATION WITH
ROTORS

We show how the preceding results on Euler�
Poincar�e matching and stabilization apply to an
important class of examples� namely rigid bodies
carrying internal rotors� We can treat many sys�
tems� such as the spacecraft with internal rotors�
the underwater vehicle with internal rotors and
the heavy top with rotors� but we con�ne ourselves
to the spacecraft here due to limited space�

Following Krishnaprasad ��	��� and Bloch� Kr�
ishnaprasad� Marsden and S�anchez de Alvarez
��		��� consider a rigid body with a rotor aligned
along the third principal axis of the body as in
Figure ���� The rotor spins under the in uence of
a torque u acting on the rotor� The con�guration
space is Q � SO��� � S�� with the �rst factor
H � SO��� being the spacecraft attitude and the
second factor G � S� being the rotor angle� The
Lagrangian is total kinetic energy of the system�
�rigid carrier plus rotor�� with no potential energy�

The reduced Lagrangian on so���� TS� is

l�!� ��� �
�

�
�
�!

�
� � 
�!

�
� � I�!

�
� � J��!� � �����

�����

where ! � �!��!��!�� is the body angular
velocity vector of the carrier� � is the relative
angle of the rotor� I� � I� � I� are the rigid body
moments of inertia� J� � J� and J� are the rotor
moments of inertia and 
i � Ii � Ji�



spinning rotor

rigid carrier

Fig� ���� The spacecraft with a rotor attached
along the long axis�

The body angular momenta are determined by the
Legendre transform to be

"� � �M� � 
�!�� "� � �M� � 
�!��

"� � �M� � 
�!� � J� ���

The momentum conjugate to � is

�l

� ��
� l� � J��!� � ����

The equations of motion with a control torque u
acting on the rotor are


� �!� � 
�!�!� � �
�!� � J� ���!� �����


� �!� � �
�!�!� � �
�!� � J� ���!� �����


� �!� � J� #� � �
� � 
��!�!�� �����

�l� � u � �����

Next� we form the controlled Lagrangian and
apply the Euler�Poincar�ematching theorem� Since
the Abelian groupG � S� is one�dimensional� gab�
�ab and �ab are all scalars� From ������ gab � J��
Let �ab � �J� and �ab � �J� where � and �
are dimensionless scalars� For matching� choose �a�
according to Assumption EP��� i�e��

� ����
����

����
� � �

�

�J�
� 
 
 J� �� �����

To satisfy Assumption EP��� � should satisfy

�

�J�
�

�

�J�
�

�

J�
i�e�� � �

�

� � �
� ���
�

Substituting into equation ����� with these choices�
the controlled Lagrangian is given by

l����� �
�

�




�!

�
� � 
�!

�
� � I�!

�
� �

�

�
J�!

�
�

�

�
�

�

�
�

� � �
J�



!� � ���

�

�
!�

��
�

�����

where � is a free variable and matching is ensured
by Theorem �� The controlled conserved quantity
is

�l� � �J �
�l�����

� ��
� J�!� � �J� ���

We use the formula ������ to get the control law

u � ucons � k�
� � 
��!�!��

We note that

�

�
�

k

�� k

I�
J�
�

�

�
�

��� k�J� � kI�
��� k�J�

���	�

Consider �!��!��!�� ��� � �
� $!� 
� 
�� $! 	� 
�
the equilibrium corresponding to steady rotation
about the intermediate axis �unstable for the
uncontrolled spacecraft�� In contrast to earlier
work� we carry out our analysis on the Lagrangian
side and we do not restrict the stability analysis
to the zero level set of the conserved momentum�

The Casimir for this problem is the total angular
momentum of the body plus rotor system� We let

C �
�

�

�
�
�!��

� � �
�!��
�

�




I� �

J�
�

�
!� �

� � �

�
�l�

��
�
� ����
�

The Lyapunov function becomes

E	� �
�

�




�!

�
� � 
�!

�
� �



I� �

J�
�

�
!�
� �

�

�J�
�l��

�
���C� � ���l��� ������

To satisfy ������ of Theorem �� we require

��je
� $!� � �$!�� i�e�� ��je � �
�


�
�

We show that N�� � G�� � G��
�H��G�� can be

made de�nite� The matrix G�� � g���ga��
abgb�

is diagonal� diag�
�� 
�� I� � J����� The matrix
�H�� de�ned by ����
� is computed to be

�H � diag
�
��je��

�je ����je

�
�
$!����je

	
� diag



�

�


�
� �

�


�
����je


�
�
$!�� �

�


�

�
�

N�� is computed to be diagonal with diagonal
elements�

� �


��

�
� ���je




�
$!�� I� �

J�
�
�

�


�



I� �

J�
�

��
�
�

Since the �rst diagonal element is negative� we
choose ���je to be negative also and require that

I� �
J�
�
�

�


�



I� �

J�
�

��

� 


This condition holds if k � �� I��
� and E	� has
a local maximum at the equilibrium of interest�
So� by Theorem � we have proved

Proposition �
 For k � �� I��
�� the equilibrium
�
� $!� 
� 
� is nonlinearly stable for the feedback
controlled system�

�� ASYMPTOTIC STABILITY OF
SPACECRAFT WITH A ROTOR

We consider one approach to asymptotic stabiliza�
tion% others are examined in a future publication�



Dissipation is introduced so that E	� becomes
a Lyapunov function for the closed�loop system
with the complete control law which is computed
below� Any given initial condition uniquely de�
termines the equilibrium that can be asymptot�
ically stabilized% the conservation of the Casimir
function ����
� gives the magnitude as k
� $!k

� �
k"k� � k"�
�k� and the stability implies that the
sign of $! is the same as that of !��
� since the
 ow stays near �
� $!� 
� 
��

In the expression for E	�� � is given by

���l�� �
�

��J�
�l��

with � � 
 and j�j 
 �� By �����

udiss � c



���

�

�J�
�l�

�
� c



�

�
!� �

�
� �

�

�

�
��

�

with c � 
� and the complete control law is

u � k�
� � 
��!�!� � ��� k�
�

�
udiss�

where � is given by ���	�� Suppose that the  ow
�!��t��!��t��!��t�� ���t�� satis�es �E	� � 
� equiv�

alently udiss � 
� Then� since ��l� � udiss� �l� is
constant� This implies that

���t� � ���
� � constant�

!��t� � !��
� � constant�

Substituting these into ������ we get

!�!� � 
� �����

Since !��t� stays near $! 	� 
 by stability� �����
implies that

!��t� � 


for all t� Substitution of this into ����� gives

!��t� � !��
� � constant� �����

Substitute these two into ����� and we get�
�
� � 
��!� � J� ��

�
!��
� � 


or

�
� � 
��!� � J� �� � 
 �����

since !��
� 	� 
 by stability� We also have udiss �

� which is given by

!� � ��� �� �� � 
� �����

All we require on � is that it should be negative
and satisfy some inequality to guarantee the �Lya�
punov� stability� We can �nd � satisfying

�
� � 
����� �� � J� 	� 
 �����

such that the two equations in ����� and ����� are
independent� Then !� � �� � 
� Thus� the only
possible  ow satisfying udiss � 
 is

!��t� � !��t� � ���t� � 
� !��t� � !��
��

This implies that

j
�!��
�j
� � j
�!�j

� � j
�!�j
� � j
�!� � J� ��j

�

� jj"jj� � j
� $!j
�

and so !��
� � $! by stability� Thus� the only
possible  ow satisfying udiss � 
 is the equilib�
rium� By the LaSalle invariance principle� it is
asymptotically stable�
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