Lecture 11: Rigid Body Dynamics

In the previous lecture, we derived the following equivalent differential equations governing the translational
motion of a system of particles:

P, =F (1)

where Poy = mX em 18 the total translational momentum and F' is the resultant of all of the external
forces acting on the system, m is the total system mass, X .y, is the center of mass, and Pcy = mX oy, is
the total linear moment of the system.

We also derived an expression similar to Py, = F for the rotational motion of the particle system:
HO:Xcm X F + Men

where

N
=1
N .
= Xem X mXem+ Y XixmX;. (2)
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is the total angular momentum of the particle system about the origin of the inertial reference frame. The
former term is the moment of total linear momentum about the inertial origin and the latter term is the
angular momentum about the center of mass.
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Figure 1: N rigidly constrained particles.
Differentiating (2), and noting that X .y || Pem, gives
Ho =X X Po + He (3)
But recall from the previous lecture that

Ho =X X F+ My, (4)



Comparing (3) and (4) gives

Hcm - Mcm (5)

We thus obtain an equation for the rotational motion of the system about its center of mass, rather than an
equation for its motion about the inertial origin. Equations (1) and (5) describe the aggregate translational
and rotational dynamics of the system of particles.

Now, suppose that the collection of particles forms a rigid body. That is, suppose that no particle moves
relative to any other particle in the system. In this case, we find that

N
Hcm = ZXZ X mi(wl X Xz>,
i=1

where wr is the angular velocity of the body with respect to inertial space, written in the inertial frame. (The
apparent paradox — that “no particle moves relative to any other” while, at the same time, X; = w; x X;
—is a consequence of the choice of reference frame in which the velocity is computed. More in a moment.)
Assume that each particle has the same infinitesimal mass m; = dm. Then, in the limit N — oo, the
summation becomes an integral:

Hcm:—/)_(x()_(xwl)dm
%

where the vector X = Xap + Yyg + Zzp denotes the location of a point in the rigid body relative to the
center of mass and expressed in the inertial frame. As an exercise, you may check that

Y24+72 XY -XZ
—/ X x (X xwy)dm = Iw;  where Ij= / -XY X?4 72 -YZ dm.
v v\ Xz vz X24v?

We now have an explicit expression for Hy, in terms of the body’s mass distribution and the body angular
rate wy which we may use in equation (5). The problem is that the inertia tensor I that defines H oy
varies with time. Because the body rotates with respect to inertial space, the components of X vary with
time and so does I1. (We’ll see how in just a minute.)

It turns out to be much easier to express the equations of motion in a reference frame that is fixed in
the body. In this case, the inertia tensor is constant. Also, aerodynamic forces and moments are more
naturally expressed with respect to the body than with respect to inertial space.

Let us re-express the preceding developments in terms of a coordinate frame (xp, yp, zg) which is fixed to
the rigid body at its center of mass. To start with, we define the angular momentum h.,, about the center
of mass and expressed in the body frame, as

hem = —/ Z X (Z x wg)dm.
\%

where the body frame vector & = Taxp+yyp + Zzp denotes the location of a point in the rigid body relative
to the center of mass and expressed in the body frame and wp = [p, q, T]T is the angular velocity of the
body with respect to inertial space expressed in the body frame. We thus have

P +z2 —zy  —iz
—/ Z X (& xwp)dm = Ipwp  where Ip= / —zy P4+ —yz dm. (6)
v V\ -z gz B+

Because the reference frame in which these integrals are expressed moves along with the body, every
component of I'g is constant. We define the moments and products of inertia according to the relationship

I, —Iy —I. 7P +z2 —zy —zz
Iy I, I, |:= / —zy ¥ +z2  —yz |dm
I, I, I v —7z —yz T4
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Figure 2: Inertial and body-fixed coordinate frames.

Comment: Suppose that the proper rotation matrix Rip(t) transforms free vectors expressed in the body
reference frame into the inertial reference frame. Then w; = Rjpwp and H ., = Righem, so that

Liw; = Rig(Ipws)
= RiplgRwr.

Since this equation holds for any angular velocity vector wi, we conclude that
I = R[BIBR;Bl.

The rotation matrix Rp is a function of time because the body is rotating. Thus, while the matrix Iy is
a matrix of constants, the matrix Iy is time-varying; at any instant, it depends on the orientation of the
body-fixed frame with respect to inertial space. [

To summarize, we have h.,, = Igwg, where Iy is a constant matrix. If we define m¢y, = RgtMcm to
be the total moment about the center of mass, expressed in the body reference frame, then we have only
to relate the rate of change of h¢y to M. This is not quite as simple as it might appear: hcm % My !
While having a constant inertia matrix does simplify the equations of motion, a new complication arises
due to the rotating body-fixed reference frame.

Rotating reference frames. The time rate of change of a vector written with respect to an inertially
fixed frame is simply the derivative of the vector’s components. The time rate of change of a vector written
with respect to a rotating coordinate frame, however, depends also on the rate of rotation of the coordinate
frame. Let a(t) be a vector expressed with respect to a rotating reference frame. Let A(t) = Rip(t)a(t)
represent the same vector, but expressed in an inertial frame. Then

4 a) = — (a) +wp x a
dt Inertial a dt Body B
= a -+ wBp X a (7)
where d
— = Ry A.
dt ITnertial (CL) Bl (8)

(See any undergraduate dynamics textbook for a proof.) On the left hand side of equation (7), the time
derivative is taken with respect to inertial space; on the right hand side, the time derivative is taken with



respect to the rotating coordinate frame. On both sides of the equation, vectors are expressed in the
body frame. Notice the important distinction between the phrases “with respect to” and “expressed in.”
Although they are taken with respect to different reference frames, the time derivatives on either side of (8)
are expressed in the same frame. If one desired, one could re-express the vectors in the inertial frame by
premultiplying both sides by R;p = RE;}. In that case, we would have

A = R[B(G+OJBXG)
= Ripa+ (Ripws) X (Ripa)
= Rjipa+wi x A.

(Notice that left multiplication by a rotation matrix distributes over the cross-product; this is not true for
general, non-rotation matrices.)
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Figure 3: An ant on a turntable.

Example: An ant on a turntable. Think of an ant walking on top of a spinning turntable. The angle
1 is the counterclockwise angle from the inertial ;1 axis to the body-fixed xp axis, as shown in Figure 3.
The transformation from the body frame to the inertial frame is given by the rotation matrix

cosy(t) —siny(t) 0
Rip(t) = | siney(t) cosy(t) 0
0 0 1

Let us check this assertion by mapping the unit vector & into the inertial frame:

cos(t) —siny(t) 0 1 cos ()
Rig(t)xg = | sinvy(t) cosy(t) 0O 0 = | siny(t)
0 0 1 0/5 0 I

As a simple check, refer to Figure 3 and notice that, for small, positive angles 1, the vector xp, re-expressed
in the inertial frame, should have a relatively large positive component (cos) in the x; direction and a
small positive component (sin) in the y; direction.

The inverse transformation, i.e., the map from the inertial frame to the body frame, is

cos(t) siney(t) 0
Rpi(t) = Rip(t) ' = Rip(t)" = | —sine(t) cosy(t) 0
0 0 1

The turntable spins with inertial angular velocity



We may convert the angular velocity from the inertial frame to the body frame by writing

cosy(t) siny(t) 0 0 0
wp = Rpi(t)wy = | —siny(t) cosy(t) 0 0 =l O = 9(t)z.
0 0o 1 . b)),

For this simple example of planar rotation, the two vectors wi and wp are numerically equal. This is not
true for general, three-dimensional rotations.

Suppose that, at a given instant ¢, the ant is located by the body frame vector

Lant = y(t)
0 B
In the inertial frame, we have
X(t) cosy(t) —siny(t) 0 x(t)
Xt =1 Y@ = RiBTany = siny(t) cosy(t) 0 y(t)
Z(t) /4 0 0 1 0 B
2(t) cos Y (t) — y(t) sin (1)
= x(t)siny(t) + y(t) cosp(t) | . (9)
0

I

The velocity of the ant with respect to inertial space, but written in the body frame, can be obtained
from (7) as

d .
a Inertial (mant) = Tant + WB X Tang
or .
_ (t) 0 x(t) () —y(t)y
RBIXant = y(t) + 0 X y(t) = y(t) + x(t)l/J
0 B Y B 0 B 0 B

As an exercise, you might verify this result by computing the total time-derivative of X ., directly from (9)
and then premultiplying by Rp;.

If we smash the ant, so that it becomes part of the rigid body, then the relative velocity @,y will be zero
and the inertial velocity is due entirely to the angular velocity of the turntable. [J

Rigid body dynamic equations in body coordinates. The complete dynamic equations for a rigid
body, written in the inertial frame, are

Pcm = F
H.,, = Md. (10)

These two vector equations seem harmless enough, but recall that H¢y, = Itwy, where It is the (time-
dependent) inertia matrix computed with respect to the inertial frame. The left-hand side of the latter
equation is thus fairly complicated. Because of this, and because aerodynamic forces on an airplane are
more easily expressed in a body-fixed coordinate frame, it is more convenient to express the dynamic
equations in the body frame. To do so, we use the identity (8). Let V¢y = X em Trepresent the inertial
velocity of a given rigid body’s center of mass. Let

Vem = BRIV em = v

B



represent the same translational velocity, but written in a frame fixed at the body’s center of mass. With
this definition, we may write the translational momentum and the angular momentum about the mass
center in the body frame as

Pem = RpiP., = Rpp (chm) = MUcm
hem = RpiHen = Rpy (I1wr) = Ipws. (11)

(In the latter equation, we have substituted wp = RI_BluJI and used the observation that Iy = Rprl IR}gll.)
Applying the identity (7) to compute the derivatives of g.,, and hy,, with respect to inertial space gives

d . .

% Inertial pcm) = Rp1Pem = Pepy +WB X Pey

d . .

dt I erti 1(hcm) = RpiHcn = hem + wB X hem.
nertia.

Substituting Pey = F and Hoy = Mgy from (10), as well as the definitions of p.,, and h¢y from (11),
gives

RpiFF = mven + W X MUem
RpiM., = Ipwp-+ wp X Ipws.

Defining the body frame expressions for force and moment, f = RpiF and mey = RiM cm, we finally
obtain

MUem + WB X MUen = f

Igwp + wp X IRwg = Men.

As we will almost always express equations in a body frame fixed at the center of mass, we will typically
omit the related subscripts:

<

mov + w X muv

ITw+twxIw = m.

Because the xz-plane of an aircraft is typically a plane of symmetry, it is possible to choose the body
reference frame such that I, = [, = 0.! Writing the equations of motion explicitly, assuming such a
choice of body reference frame, we have

m(t+quw—rv) = X+ W,

m(v+ru—pw) = Y+W,
m(w+pv—qu) = Z+W,
pr - Ia;zr + qr(lz - Iy) - Ixzpq = L

Li+pr(ly = L) = L.(0* = %) = M
Izr - I:Czp + pQ([y - Ix) + Ia:qu = N.

These six first order, nonlinear, ordinary differential equations (ODEs) describe the motion of a rigid body
whose body zz-plane is a plane of symmetry. The force terms W,, W, and W, are the components of

In fact, one could choose a reference frame whose axes are aligned with the principal axes of inertia. In this case, all
cross products of inertia would vanish. Such a choice, however, makes the expression of aerodynamic forces and moments less
convenient.



the body weight in the body reference frame. The remaining force and moment components on the right
arise due to aerodynamic effects. These equations are impossible to solve analytically, except in very
special cases. One may certainly solve the equations numerically, for given forcing and initial conditions,
but pencil-and-paper analysis is challenging. We therefore must develop a simpler set of approzimate
equations. This will be a topic for a later class.

The equations above are the dynamic equations, which describe how external forces and moments affect
the translational and rotational velocity of the rigid body. In the next lecture, we will derive six more first
order ODEs which relate translational and rotational velocity to position and attitude. These equations
are known as the rigid body kinematic equations.



